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ON ASYMPTOTIC STABILITY ACCORDING TO LYAPUNOY IN SOME CRITICAL CASES

by 
V. V. Kostin 
Systems of the type (1), (2), and (3) are investigated in this paper. 
Some or all real parts of the eigenvalues of A (t) approach zero as t - 
Sufficient conditions are obtained for asymptotic stability according to Lyapunov 
of the solutions of the systems at t - 
Under consideration are systems of the type: 
dx 
=A(t)x	 (1) 
	
dx 
= A(t)x + f(t,x) ,
	 (2) 
dx ;ii = A(t)x + (p (t) + F(t,x) ,	 (3) 
where x
	 ..., x} (p(t) 
= 
J(pl(t)' ..., ,(t)), f(t,x) 
= jf1(t1x)' . 
f(tx)} F(t,x) = {Fi (tx) ..., F(tx)J are n-dimensionalvectors. A(t) 
is an n-dimensional matrix whose elements are complexly valued functions, 
continuous in the general case, of the real variable t. We will designate that 
I IA (t) I =	 la..(t) i. it is required that I IA (t) II	 M, M> 0 and 
1,J 
M = constant for all cases where t ^: to. 
In our work sufficient indications were obtained of the asymptotic stability 
of systems (1), (2), and (3), depending on the type of behavior of the given 
functions and the tending toward zero of the real parts of the roots of the charac-
teristic equation
	
detlA(t) -NE! = 0 .
	 (4) 
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In that case, for systems of the type of (1) and (3) we used a method 
similar to that used in [1 - 31, where it was assumed that the roots of Eq. (4) 
have strictly negative real parts, which in the general case depend on 
t ^! to [1,3 1. In [41 an attempt was made to transfer the results of [11 to 
systems of types (1) and (2). The estimates obtained in that work are of little 
effectiveness. We partially eliminated that shortcoming and also obtained some 
new results. 
Preliminarily, let us examine the system of differential equations 
	
dV(t,t0) 
= AV(t,t0 )	 ,	 (5) dt 
where A is a constant n-dimensional matrix with the condition I IA! I	 M. 
Let the roots of the characteristic equation det IA - pE 1 = 0 be such 
that their real parts satisfy the condition 
Re1p	 -	 - - < Reap A 
The constant y > 0, A = max Re p. (i = 1,2,..., n). For any two roots of 
the second group the condition of separation of the roots I p. - p	 c > 0 and
c = constant (1 j) is fulfilled. The multiplicity of the roots of the first group 
is sufficient. 
Our further investigations are based on that lemma. 
Lemma. Solution of system (5) V(t,t0) with the initial condition 
t-to V(t 9 t0) I	 = E satisfies the condition
- t0) 
I IV(t,to) I I	 (K1 + K2)e 
with the constants
n-i 
2n-nn 2	 2 0K1 2 y Mn(n -i)	 =a1 
n-i
m-n 
n-i i-rn n-i 2	 2 0<K2 2	 c	 M	 n(n-1)	
()	 In C12
where m is the number of roots of the first group, m 1, 2, ..., n. There-
fore, if m = n, then K1 = 0. The method of I. Z. Shtokalo [51 has been used 
to demonstrate that lemma. 
Now let us examine a system of the type of (1). It is assumed that the 
roots of the characteristic Eq. (4) are such that their real parts can be 
divided into two groups' 
Re1X(t)	
- y < -	 < Re11X(t)	 - g t113	 (6) 
The constants -y, f3, and g> 0; 0< f3 < 1. For any roots of the second 
group the condition of separation of the roots which figure in the lemma is 
fulfilled. The multiplicity of the roots of the first group is sufficient. It is 
also required that
i 
	
I IA(t2 ) - A(t 1 ) 11	 1	 i 
	
1-f3 - 1I3I	 (7) t2	 ti	 I 
for all cases where t2
 and t 1 ^ t0 ^: T > 0. The constant ô satisfies the 
condition
13g 
(a 1 + a)(l - 13)	 '	 '	 ,	 (8) 
and soifm = n, then a 1 is not present in(8). 
Theorem 1. Upon fulfillment of conditions (6), (7), and (8) the solu-
tions of system (1) are asymptotically stable according to Lyapunov at 
t - +. More precisely, there exist constants K > 0 and 0 < p < 1 such that 
ifx(t) is the solution of Eq. (1) then 
IIx(t)II	 Ke[	 (t13 - t)]IIx(to) II '
	 (9) 
for all cases where t
	 to. 
For example, the system
/1 
xl =	 to. 01 + )xi + 5ix2 
x 
= 
(31ln t .
	 2 1	 1 - i)x2
 ,	 (10) 
-	
i----lxi+ 3 
t° 01)	 (	 o. 
oi
3
starting at a certain t -2: to ^! T satisfies the conditions of Theorem 1 with the 
constants g = 2; i = 0. 99, m = n 2; M < 11; ô < 5; c > 6. Now one can 
readily convince oneself that inequality (8) is satisfied. Therefore, the solu-
tions of system (10) are asymptotically stable according to Lyapunov. 
Note 1. Along with system (1) let us examine the system
(11) 
where B(t) is an n-dimensional matrix continuous in all cases where t 2! to. 
It is required that 
fi IB(T) - A(T) I Id	 QIt131 - t 1I + R 
to 
where /3, Q, and R = constant, Q> 0, and Ii	 P. Therefore, Q is an 
arbitrary constant if(3 1 < 13 and Q<	 9	 if = j3. 2(cr 1 + Cr2) 
Let inequality (8) be fulfilled for 26. Then upon fulfillment of those 
conditions the solutions of system (11) are asymptotically stable at t - o0• 
Note 2. Let in system (1) the roots of the characteristic Eq. (4) be 
such that ReX(t) s -'y; I IA (t2) - A(t1) I I	 6  t2 - t1 1, where the constant ô 
satisfies the condition
T=--lncr1 
4cr1T 
Then we get a previously known result - Theorem 2 from [1]. That 
estimate of the value of ô is more precise than the analogous estimate from [1]. 
{Note: In [3] the estimate for 6 in Theorem 2 is given from [11.) 
Let in system (2) f(t ,x) be a continuous vector function of the variables 
t and x;f(t,0) = 0. We will designate that IIf(t,x)tI	 w(t)IIxII. The 
continuous function w (t) satisfies the condition 
either w (t) t 1 - - oat t - +o° 
or w (t)	 Et	 ,	 € > 0 ,	 € is a small parameter.	 (12) 
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Theorem 2. Let in system (2) the matrix A(t) satisfy the conditions 
of Theorem 1. For the vector function f(t,x), condition (12) is fulfilled. Then 
a zero solution of system (2) is asymptotically stable according to. Lyapunov at 
t — +°o. More precisely, for solutions of system (2) an estimate of type (9) is 
made.
Now let us examine a system of the type of (3). There p(t) and F(t,x) 
are continuous functions of the variables t and t, x respectively; F (t, 0) = 0. 
We will designate that I hp(t) H
	
w 1 (t); I JF(t,x) — F(t,y) I	 W2(t) 11X — Y1 1,
 where w.(t) (i = 1, 2) are continuous functions of the variable t ^: to. We will 
also designate thatx(t) = x(t)- x 2 '(t), where x'(t) and x 2 '(t) are any 
parts of the solution of system (3). 
Theorem 3. Let for the matrix A(t) the conditions of Theorem 1 be 
fulfilled and the vector-functions q' (t) and F(t,x) be such that for w.(t) 
(i = 1, 2) condition (12) is fulfilled. Then for the vector function x(t), start-
ing from a certain t ^: to, the estimate is made 
x(t)	 K exp [- P* 9 (to - to)] X(to) 
with the constants K > 0 and 0 < p*'< p. Therefore, each partial solution of 
system (3) is asymptotically stable according to Lyapunov at t 
BIBLIOGRAPHY 
1. Lyashchenko, N. Ya., Dok1adyANSSSR, 96, 1954, p. 237. 
2. Farnell, A. B., Langenhop, C. E., and Levinson, N., J. Math. Phys., 
29, 1951, p. 300. 
3. Lyashchenko, N. Ya., Dok1adyANSSSR, 104, 1955, p. 177. 
4. Hale, I. K., and Stokes, A. P., J. Math. Anal. Applic., 3, 1961, p. 50. 
5. Stokalo, I. Z., Lineynyye differentsial'nyye uravneniya s peremennym.i 
koeffitsientami (Linear Differential Equations with Variable Coefficients) 
AS Ukrainian SSR Publishing House, 1960, p. 38. 
Presented by Academician I. Z. Stokalo of the AS Ukrainian SSR 
Odessa State University 
Manuscript received 27 November 1965
5
DISTRIBUTION 
No. of Copies	 No. of Copies 
Air University Library Scientific and Technical Information 
ATTN: AUL3T 1 Division 
Maxwell Air Force Base National Aeronautics and Space 
Alabama 36112 Administration 
ATTN: ATS 
U. S. Army Electronics Proving Ground Washington; D. C.	 20546 
ATTN: Technical Library 1 
Fort Huachuca, Arizona 85613 U. S. Atomic Energy Commission 
ATTN: Reports Library, Room G-017 
Naval Weapons Center Washington, D. C.	 20545 
ATTN:	 Technical Library, Code 753 1 
China Lake, California 93555 U. S. Naval Research Laboratory 
'ATTN: Code 2027 
Naval Weapons Center Washington, D. C. 	 20390 
Corona Laboratories 
ATTN: Documents Librarian 1 Weapons Systems Evaluation Group 
Corona, California 91720 Washington, D. C. 	 20305 
Lawrence Radiation Laboratory 	 . John F. Kennedy Space Center 
ATTN: Technical Information Division 1 National Aeronautics and Space 
P. 0. Box 808 Adminstration 
Livermore, California 94550 ATTN: KSC Library, Documents Section 
Kennedy Space Center, Florida 32899 
Sandia Corporation 
ATTN: Technical Library 1 APGC (PGBPS-12) 
P. 0. Box 969 Eglin Air Force Base, Florida 32542 
Livermore, California 94551
U. S. Army CDC Infantry Agency 
U. S. Naval Postgraduate School Fort Benning, Georgia 31905 
ATTN: Library 1 
Monterey, California 93940 Argonne National Laboratory 
ATTN: Report Section 
Electronic Warfare Laboratory 9700 South Cass Avenue 
USAECOM Argonne, Illinois 60440 
P. 0. Box 205 
Mountain View, California 94042 1 U. S. Army Weapons Command 
ATTN: AMSWE-RDR 
Jet Propulsion Laboratory Rock Island, Illinois	 61201 
ATTN: Library (TDS) 2 
4800 Oak Grove Drive Rock Island Arsenal 
Pasadena, California 91103 ATTN: SWERJ-RDI 
Rock Island, Illinois	 61201 
U. S. Naval Missile Center 
ATTN: Technical Library, Code N3022 1 U. S. Army Cmd. and General 
Point Mugu, California 93041	 . Staff College 
ATTN: Acquisitions, Library Division 
U. S. Army Air Defense Command Fort Leavenworth, Kansas 66027 
ATTN: ADSX 1 
Ent Air Force Base, Colorado 80912 Combined Arms Group, USACDC 
ATTN: 0. Res., P and P Div. 
Central Intelligence Agency Fort Leavenworth, Kansas 66027 
ATTN: OCR/DD-Standard 4 
Distribution U. S. Army CDC Armor Agency 
Washington, B. C.	 20505	 - Fort Knox, Kentucky 40121 
Harry Diamond Laboratories Michoud Assembly Facility 
ATTN: Library 1 National Aeronautics and Space 
Washington, D. C.	 20438 Administration 
ATTN: Library, I-MICH-OSD 
P. 0. Box 29300 
New Orleans, Louisianna 70129
1 
1 
1 
1 
2 
1 
1 
1 
1 
1 
1 
1 
1 
1 
6 
DISTRIBUTION (Continued) 
No. of Copies	 No. of Copies 
Aberdeen Proving Ground ORA(RRRT) 
ATTN: Technical Library, Bldg. 313 1 Holloman Air Force Base 
Aberdeen Proving Ground New Mexico 88330 
Maryland 21005
Los Alamos Scientific Laboratory 
NASA Scientific and Technical ATTN: Report Library 
Information Facility P. 0. Box 1663 
ATTN: Acquisitions Branch (S-AK/DL) 5 Los Alamos, New Mexico 87544 
P. 0. Box 33 
College Park, Maryland 20740 White Sands Missile Range 
ATTN: Technical Library 
U. S. Army Edgewood Arsenal White Sands, New Mexico 88002 
ATTN: Librarian, Technical 1 
Information Division Rome Air Development Center (EMLAL-1) 
Edgewood Arsenal, Maryland 21010 ATTN: Documents Library 
Griffiss Air Force Base, New York 13440 
National Security Agency 
ATTN: C3/TDL 1 Brookhaven National Laboratory 
Fort Meade, Maryland 20755 Technical Information Division 
ATTN: Classified Documents Group 
Goddard Space Flight Center Upton, Long Island, New York 11973 
National Aeronautics and Space 
Administration Watervliet Arsenal 
ATTN: Library, Documents Section 1 ATTN: SMEWV-RD 
Greenbelt, Maryland 20771 Watervliet, New York 12189 
U. S. Naval Propellant Plant U. S. Army Research Office (ARO-D) 
ATTN: Technical Library 1 ATTN: CRD-AA-IP 
Indian Head, Maryland 20640 Box CM, Duke Station 
Durham, North Carolina 27706 
U. S. Naval Ordnance Laboratory 
ATTN: Librarian, Eva Liberman 1 Lewis Research Center 
Silver Spring, Maryland 20910 National Aeronautics and Space 
Administration 
Air Force Cambridge Research ATTN: Library 
Laboratories 21000 Brookpark Road 
L. G. Hanscom Field Cleveland, Ohio 44135 
ATTN: CRMXLR/Stop 29 1 
Bedford, Massachusetts 01730 Foreign Technology Division 
ATTN: Library 
U. S. Army Tank Automotive Center Wright-Patterson Air Force Base 
ATTN: SMOTA-RTS. 1 1 Ohio 45400 
Warren, Michigan 48090
U. S. Army Artillery and Missile School 
U. S. Army Materials Research Agency ATTN: Guided Missile Department 
ATTN: AMXMR-ATL 1 Fort Sill, Oklahome 73503 
Watertown, Massachusetts 02172
U. S. Army CDC Artillery Agency 
Strategic Air Command (OAT) ATTN: Library 
Offutt Air Force Base Fort Sill, Oklahoma 73504 
Nebraska 68113 1
U. S. Army War College 
Picatinny Arsenal, USAMUCOM ATTN: Library 
ATTN: SMIJPA-VA6 1 Carlisle Barracks, Pennsylvania 17013 
Dover, New Jersey 07801
U. S. Naval Air Development Center 
U. S. Army Electronics Command ATTN: Technical Library 
ATTN: AMSEL-CB 1 Johnsville, Warminster 
Fort Monmouth, New Jersey 07703 Pennsylvania 18974 
Sandia Corporation Frankford Arsenal 
ATTN: Technical Library 1 ATTN: C-2500-Library 
P. 0. Box 5800 Philadelphia, Pennsylvania 19137 
Albuquerque, New Mexico 87115
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1
7 
DISTRIBUTION (Concluded) 
No. of Copies
	 No, of Copies 
Division of Technical Information Ext. National Aeronautics and Space 
USAEC Administration 
P. 0. Box 62 Marshall Space Flight Center 
Oak Ridge, Tennessee 37830 1. ATTN: MS-T, Mr. Wiggins 5 
Marshall Space Flight Center 
Oak Ridge National Laboratory Alabama 35812 
ATTN: Central Files 1 
P. 0. Box X Defense Documentation Center 
Oak Ridge, Tennessee 37830 Cameron Station 
Alexandria, Virginia 22314 20 
Air Defense Agency, USACDC 
ATTN: Library 1 USACDC-LnO 
Fort Bliss, Texas 79916
AMSMI -H, Dr. McDaniel 
U. S. Army Air Defense School -D 
ATTN: AKBAAS-DR-R 1 -XE, Mr. Lowers 
Fort Bliss, Texas 79906 -Y 
-RBLD 10 
U. S. Army Combat Developments -RB, Mr. Croxton 
Command -RBRT 8 
Institute of Nuclear Studies -R-AERO-G, Mr. Gregorià 
Fort Bliss, Texas 79916 1 -RPA 
-RBL 5 
Manned Spacecraft Center -RPR 
National Aeronautics and Space 
Administration 
ATTN: Technical Library, Code BM6 1 
Houston, Texas 77058 
U. S. army Research Office 
ATTN: STINFO Division 1 
3045 Columbia Pike 
Arlington, Virginia 22204 
U. S. Naval Weapons Laboratory 
ATTN: Technical Library 
Dahlgren, Virginia 22448 
U. S. Army Engineer Research and 
Development Laboratories 
ATTN: Scientific and Technical 2 
Information Branch 
FOrt Belvoir, Virginia 22060 
Langley Research Center 
National Aeronautics and Space 
Administration 
ATTN: Library, MS-185 1 
Hampton, Virginia 23365 
Research Analysis Corporation 
ATTN: Library 1 
McLean, Virginia 22101 
Foreign Science and Technology Center 
Munitions Building 
Washington, D. C.	 20315 3 
National Aeronautics and Space 
Administration 
Code USS-T (Translation Section) 
Washington, D. C. 20546 2
8 
UNCLASSIFIED 
DOCUMENT CONTROL DATA - R&D
	 - 
(Security classification of title, body of abstract and indixtnd annotation must be entered when the overall report is classified) 
I. ORIGjNATING ACTIVITYJCOWOVPtO authqt) Redstone Scientitic inlormation Center ISa. REPORT SECURITY CL.ASSIFICATION 
Research and Engineering Directorate (Provisional) TTnt1irtgiflAr1	 - 
Sb.  U. S. Army Missile Command
_Redstone Arsenal, Alabama 35809 Z. N/A 3. REPORT TITLE 
ON ASYMPTOTIC STABILITY ACCORDING TO LYAPUNOV IN SOME CRITICAL CASES 
Dopovidi Akademiyi Nauk URSR, 35, No. 1, 21-25 (1967) 
4. DESCRIPTIVE NOTES (T)rpe of report and inclusive dates) 
Translated from the Ukrainian 
5. AU THOR(S) (First name, middle initial, last name) 
V. V. Kostin 
6. REPORT DATE 
27 January 1969 78 TOTAL NO. OF PAGES 10
. lb. NO. OF REPS 
5 
ea. CONTRACT OR GRANT NO. 90. ORIGINATOR'S REPORT NUMER(5) 
N/A 
b. PROJECT NO. RSIC -892 
N/A rA
c.	 THER REPORT NO(S) (Any othernumb.,, thatmay S. aa.iied i, report) 
D  
10. DISTRIBUTION STATEMENT 
This document has been approved for public release and sale; its distribution is unlimited. 
II. SUPPLEMENTARY NOTES IS. SPONSORING MILITARY ACTIVITY 
None Same as No. 1 
IS. ABSTRACT
Systems of the type (1), (2), and (3) are investigated in this paper.
	 Some or all 
real parts of the eigenvalues of A (t) apprOach zero as t -	 +00.	 Sufficient conditions are 
obtained for asymptotic stability according to Lyapunov of the solutions of the systems as 
t — +00, 
.	 -	 --- -............
LHIP I Nov 46	 /,3 OSOLTE FOR AMYUPt. 	 UNCLASSIFIED 
Security Classification 
UNCLASSIFIED 
Security Classification 
KEY WORDS
-
LINK A LINK S LINK C 
ROLE WY ROLE WY ROLE -	 WY 
Differential equations 
Asymptotic stability 
Vector functions 
Continuous functions
10	 UNCLASSIFIED 
Security Classification 
